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Allocation of control authority among redundant control effectors, under hard constraints, is an important

component of the inner loop of a reentry vehicle guidance and control system. Whereas existing control allocation

schemes generally neglect actuator dynamics, thereby assuming a static relationship between control surface

deflections andmoments about a three-body axis, in this work a dynamic control allocation scheme is developed that

implements a form of model-predictive control. In the approach proposed here, control allocation is posed as a

sequential quadratic programming problem with constraints, which can also be cast into a linear complementarity

problem and therefore solved in a finite number of iterations. Accounting directly for nonnegligible dynamics of the

actuators with hard constraints, the scheme extends existing algorithms by providing asymptotic tracking of time-

varying input commands for this class of applications. To illustrate the effectiveness of the proposed scheme, a high-

fidelity simulation for an experimental reusable launch vehicle is used, in which results are compared with those of

static control allocation schemes in situations of actuator failures.

I. Introduction

C ONTROL laws for hypersonic reentry vehicles typically
consist of multiple loops employing linear and nonlinear

methodologies, ultimately specifying moments or angular accel-
erations in pitch, roll, and yaw. Translating these specifications into
control commands to control surface effectors (actuators) is
complicated by the fact that the physical architecture is generally
characterized by the presence of more control effectors than
controlled variables. The implication of this characteristic is that the
control system possesses a certain degree of redundancy; that is,
there exist several combinations of effector positions to produce
similar results. Thus, the physical architecture can, in principle,
achieve multiple control objectives and maintain certain perform-
ancewhen control authority is limited by failures.With this increased
capability comes the requirement for control allocation schemes that
optimize, in real time, some objective criteria, such as minimizing
control deflections or drag. Moreover, it is typical for the inner-loop
control allocation laws to undergo a separate design from the outer-
loop closed-loop control, to simplify the control design and ensure
the stability and robustness of the overall system. In this work, we
focus on the inner-loop control allocation design, within an
architecture based on nonlinear dynamic inversion.

Generally speaking, the objective of control allocation is to
generate appropriate commands to the actuators to produce the
desired control at the plant input. In the presence of hard performance
constraints, the control allocation scheme must distribute the
available control authority among redundant control effectors to
meet the control objectives, and simultaneously satisfy the
constraints. To make the problem tractable, and yet to still obtain
useful results, research in the area has tended to focus on control
design solutions that make two simplifying assumptions: linear
relationships between moments and effector surface deflections, and
static modeling for the actuators.

Following the seminal work of Durham [1–3], several algorithms
for linear control allocation and linear control mixing have been
developed over the last decade [4–12], and a few survey papers exist
[13,14] that point out the advantages and disadvantages of various
control allocation schemes. For the most part, existing linear control
allocation algorithms are capable of dealing with systems under
nominal conditions, where moments are linearly related to control
effector positions, and have the ability to account for position
constraints. Indeed, it is for this reason that most existing algorithms
assume that a linear relationship exists between controlled variables
and effector variables. In cases in which this assumption fails, errors
in the control allocation schemesmust bemitigated by the robustness
resulting from feedback control laws. Some research has attempted
to free some of the burden on the feedback portion of the control law,
especially when failures occur, by including nonlinear effects and
thereby increasing the accuracy of the control allocator. For example,
in several works [15–18] the concept of nonlinear control allocation
is explored to deal with systems where moments are nonlinearly
related to effector deflections.

Within the context of linear control allocation techniques for these
applications, an alternative to adding nonlinear effects is to account
for actuator dynamics in the control design. To date, most algorithms
that have appeared (cited above) neglect the effect of actuator
dynamics, or deal with the actuator dynamics separately. However,
the presence of actuator dynamics can decrease the overall effective
bandwidth of the control system [19], and can even accentuate the
effect of unmodeled nonlinearities. The method proposed by
Härkegård [20] capitalizes on the effector redundancy aspect to allow
different actuators to produce control effort over various ranges of
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frequencies; in that work, the process was referred to as “dynamic”
control allocation. In the work by Hodel et al. [21,22] the same
terminology is adopted to denote a control allocation method that,
building upon existing algorithms, allows frequency-dependent
scaling in the cost function or in the constraints of the optimization
problem to shape the frequency content of the commands to suppress
chattering of the control effectors.

In this paper, we propose a scheme using the terminology
“dynamic control allocation,” but here it is to refer to the explicit
inclusion of actuator dynamics into the inner control loop design,
thereby setting it apart frommost existing control allocation schemes
where a static relationship between control surface deflections
(actuator outputs) and moments about a three-body axis (plant
inputs) is assumed. In so doing, we build on previous results [23,24],
where a dynamic control allocation scheme (one that included effects
of linear actuator dynamics) was introduced for nominal
performance studies. In that work the effectiveness of a simple
model-predictive control (MPC) architecture was demonstrated. The
present paper extends our previous work for cases away from the
nominal, when an actuator failure occurs. Actuator failures include
lockup failure (where the failed actuator remains in a fixed position,
irrespective of the command to the device), surface loss (the actuator
is still functioning properly, but the vehicle control surface is
partially or completely damaged), and floating surface failure
(actuator position floats with the angle of attack). Under these
circumstances, control allocation schemes must be able to
accommodate the increased demands on the remaining effectors to
produce desired and attainable moments.

MPC-based control schemes generally compute the control inputs
by optimizing an open-loop control objective over a future time
interval at each control step. The focus of this paper is not specifically
on the MPC methodology; rather, it offers a novel use of MPC for
dynamic control allocation. The proposed scheme does, however,
extend schemes found in typicalMPCapplications (see, for example,
the book by Camacho and Bordons [25], and references therein) in
that it provides asymptotically stable tracking of nonconstant
reference trajectories. In our earlier work [23], for a reentry vehicle
with four actuators, we showed that tracking of constant reference
trajectories is guaranteed if the control signal remains constant across
the prediction horizon. Following this, anMPC-based approach for a
reentry vehicle with six control surfaces was introduced [24], for the
nominal case of no actuator failure. Building on those results, the
dynamic MPC control allocation problem for this paper is posed as a
sequential two-step quadratic programming problem with dynamic
constraints, which can be cast into a linear complementarity problem,
and therefore solved by linear programming approaches in a finite
number of iterations. A high-fidelity simulation for an experimental
reusable launch vehicle is used, where results are compared with
those of static control allocation schemes in situations of actuator
failures.

The paper is organized as follows: in Sec. II, the specific control
architecture for reentry vehicles adopted in this paper is introduced,
alongside with a baseline static control allocation scheme. The
dynamic control allocation problem is formalized in Sec. III, where
the proposed algorithm is introduced. In Sec. IV, the results of
comparative simulation studies with a static control allocation
scheme are presented and discussed.

II. Control Architecture for a Reentry Vehicle Model

The guidance and control architecture for reentry vehicles
considered in this paper, shown in Fig. 1, is based on the one
originally proposed in Doman and Ngo [26], and adopted in
subsequent papers [15,17,18,23]. Assuming that a desired angular
rate command !cmd�t� � �pcmd�t�qcmd�t�rcmd�t��T is made available
by the guidance system, the control input required for the vehicle
angular velocity !�t� to track !cmd�t� is computed in the three-
dimensional angular acceleration space by means of a dynamic
inversion-based controller. The resulting desired angular accel-
eration profile is then allocated within a set of redundant actuators,
given, in the case considered in this paper, by six aerodynamic
control surfaces. Specifically, let the aircraft rotational dynamics be
given as

_!� f�!; �� � g��; �� (1)

where !� �pqr�T is the vector of angular rates, computed with
respect to a body-fixed coordinate frame, and the vector � 2 Rp

contains measurable or estimated time-varying parameters
associated with the relevant operating point and trim conditions of
the vehicle (i.e., Mach number, angle of attack). The components of
the � 2 Rm denote the angular deflection of control surfaces of the
vehicle playing the role of control input to the system in Eq. (1). The
term f�!; �� includes accelerations due to the base aerodynamics and
engine system, whereas g��; �� represents control dependent
accelerations. Assuming that the inertia matrix I 2 R3�3 remains
constant during reentry, the vector fields f�!; �� and g��; �� read,
respectively, as

f�!; �� � I�1�Gwb�!; �� � ! � I!�; g��; �� � I�1G���; ��
where Gwb�!; �� � �LMN�Twb is the moment generated by the wing-
body system, andG���; �� � �LMN�T� is the moment about the body-
fixed axis generated by the control surfaces. Real-time information
about moment coefficient data is provided to the control system by a
specific aerodynamic database integrated with an online system
identification algorithm, as described in Doman and Ngo [26]. The
online identification scheme is also capable of detecting the
occurrence of failures or damages to the control effectors, providing
an estimate of the mapping g��; �� to be used for control
reconfiguration.

The control system is based on a multiloop model-reference
scheme [27], and is briefly described here. The reference model is
given by the first-order prefilter

!m�s� �Wm�s�!cmd�s�
where Wm�s� is the multivariable transfer function

Wm�s� � �sI � Km��1Km

andKm 2 R3�3 is a positive definite diagonal matrix. The outer-loop
module of the dynamic inversion-based controller in Fig. 1 computes
the desired acceleration _!des as a correction term that is a function of
the error between the states of the prefilter and the actual body rates,
whereas the inner-loop module provides cancellation of acceleration
due to the base aerodynamic system and rotational dynamics. To take

+
–

ω̇des δcmd ω

f (ω, θ)
Dynamic Inversion

Control Allocation RLV Dynamics

2-DOF Controller

ωcmd Outer- Loop
Controller

Fig. 1 Model-reference control architecture with dynamic inversion and control allocation.
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into account the effect of inversion error, the outer-loop controller
provides a proportional, integral, and derivative control action on the
tracking error ~!� !m � !. Specifically, the outer-loop controller is
given by the following controller with unitary feedforward action

!des�s� �
1

s2
�Kds

2 � Kps� Ki� ~!�s� � !m�s�

where Kp, Ki, and Kd are positive definite diagonal matrices. A
simple manipulation shows that, provided that the control allocation
module assigns to the control surface deflections � the desired
command �cmd such that

g��cmd; �� � _!des � f�!; �� (2)

and thus s!�s� � s!des�s�, the resulting transfer function in closed-
loop between the command input and the angular velocity is given
precisely by !�s� �Wm�s�!cmd�s�, yielding asymptotic tracking of
the desired angular velocity profile.

In the above formulation, the control allocation problem is that of
inverting the mapping u� g��; ��with respect to �, and distributing
efficiently the control law among the available actuators. Because
solving for �cmd in Eq. (2) amounts to solving an underdetermined
equation, additional constraints on the amplitude of control surface
deflections can be accommodated in principle by the allocation
algorithm. In an attempt to reduce the complexity of the algorithm
design, most modern control allocation schemes assume that the
control effective mapping is linear, that is,

g��; �� �G����
Typically, this assumption loses validity when some control surfaces
operate in a range close to their position and rate limits, where
nonlinear behavior is likely to occur, resulting in an inaccurate
description of the relationship between surface deflections and
moments along the body axis. Although there have been a few
attempts to retain a fully nonlinear mapping g��; �� in the
formulation of the control allocation problem [18], in this paper a
time-varying affine model of the form

g��; �� � G����� "��� (3)

will be adopted [15]. The formulation in Eq. (3), providing an
intercept correction to the standard linear model, results in an
improved approximation of the control effective mapping, while at
the same time retaining most of the computational advantages of the
linear formulation. Denoting by ydes the quantity

ydes � _!des � f�!; �� � "��� (4)

in accordance with Eq. (2), the static control allocation problem for
the model in Eqs. (1–3) is defined as that of finding �cmd such that

G����cmd � ydes

subject to a set of constraints of the form

�min 	 �cmd 	 �max

where the inequalities are intended to hold componentwise.
As flight control systems are implemented in digital computers,

control allocation is implemented as a discrete time algorithm. As a
result, using a first-order Euler approximation of the derivative of the

commanded deflection, it is possible to incorporate constraints

j _�cmdj 	 _�max

on the rate of change of �cmd�t� in the above formulation. This is
accomplished by requiring that at each time step tk the commanded
deflection satisfies time-varying constraints of the form

�� min�k� 	 �cmd�tk� 	 ��max�k�; k� 1; 2; . . .

where

�� min�k� �max��min; �cmd�tk�1� � _�maxTs�
��max�k� �min��max; �cmd�tk�1� � _�maxTs�

and Ts is the sampling time of the algorithm.
For the solution of the static control allocation problem, a wide

variety of constrained optimization techniques is available (see the
excellent survey by Bodson [13], and references therein). As a
representative of these techniques, we adopt the mixed optimization
scheme with intercept correction (MOIC) [15,17] for a comparative
study with the novel model-predictive algorithm developed in
Sec. III. The algorithm described in the cited works, building upon
the work of Buffington [28] and Bodson [13], poses the control
allocation problem as the 1-norm mixed optimization problem

min
�
JM �min

�
fjjydes �G����jj1 � �jjWp�� � �p�jj1g (5)

In Eq. (5), the parameter � is used as a relative weight between the
primary objective of the control allocation problem, and a secondary
objective, consisting in driving the commanded deflection toward a
“preferred” vector �p whenever there is sufficient control authority
left.

III. Model-Predictive Dynamic Control Allocation

In this section, we devote our attention to the main problem
considered in this paper, that is, the development of an algorithm for
the allocation of the desired control vector ydes in the presence of
nonnegligible actuator dynamics. The proposed approach replaces
the static mixed optimization formulation given in the previous
section with a two-stage moving-horizon optimization process. In
the first stage, referred to as target calculation, a feasible inverse of
the actuator dynamics is computed by means of a mixed quadratic
optimization over a finite horizon, and a reference trajectory in the
state and input spaces of the actuator dynamics is made available to
the controller. Then, the control allocation problem is posed as a
receding-horizon optimal trajectory tracking problem (the reference
trajectory being the one calculated at the previous stage), and solved
by means of model-predictive control techniques. The overall
dynamic control allocation architecture, shown in Fig. 2, is
composed of a prediction module that has the role of computing a
prediction of the desired control reference trajectory ydes over the
given finite horizon, a target calculation module that computes a
feasible inverse of the actuator dynamics, and a model-predictive
tracking controller that solves the receding-horizon optimal control
problem.

δcmd

ur
k

x r
k

rk Target
Calculation

MPC
Tracking

Controller

Prediction
Module

ωcmd

ω

f (ω, θ )

δ

Fig. 2 Dynamic control allocation architecture.
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A. Actuator Dynamics

A constrained second-order linear system of the form shown in
Fig. 3 is assumed for the nonnegligible dynamics of each actuator
governing the deflection of the corresponding control surface. The
overall actuator dynamics, including the mapping between actuator
position and resulting control angular acceleration about the body
axis, can be represented as a system of the form

_x� Aactx� Bact�cmd; �� Cactx; y�G���Cactx

xmin 	 x 	 xmax; �min 	 �cmd 	 �max

(6)

with state x� �T _�
T

� � 2 R2m, input �cmd 2 Rm, auxiliary output
� 2 Rm, and regulated output y 2 R3 given by the angular
acceleration produced by the control surfaces. Limits in the position
and rate of change of control surfaces are included as a set of
constraints on the state, together with constraints on commanded
deflections. The specific control allocation problem resulting from
augmentation with actuator dynamics is referred to as the dynamic
control allocation problem, stated as follows:

1. Dynamic Control Allocation Problem

Given the reference trajectory ydes, find the input command �cmd

such that the output y 2 R3 of the constrained system inEq. (6) tracks
ydes as closely as possible.

To proceed with the development of the algorithm, we first
discretize the actuator dynamics, and write their sampled-data
equivalent (with a minor abuse of notation) as

xk�1 � Axk � Buk yk � Ckxk; xmin 	 xk 	 xmax

umin 	 uk 	 umax

(7)

where xk � x�tk� 2 R2m is the sampled state, uk � �cmd�tk� 2 Rm is
the control input, yk 2 R3 is the regulated output, and Ck�
G��k�Cact. Note that, although it is reasonable to assume that the
actuators dynamics are time invariant, and so the pair �Aact; Bact� is
fixed, the parameter �k should be considered time varying to allow
for variations in control effectivemapping over the entire envelope of
flight conditions. For ease of notation, the constraints in Eq. (7) will
be written as set-membership constraints of the form xk 2 X 
 R2m,
uk 2 U 
 Rm, where X and U are polytopes. To keep the notation
streamlined, the reference to be tracked will henceforth be denoted
by rk � ydes�tk� 2 Y, where the polytope Y 
 R3 accounts for
limitations in the angular acceleration provided by the actuators.

The following assumptions ensure solvability of the problem and
well-posedness of the receding-horizon optimization problem:

Assumption 1: �A; B� is controllable, and �A;Ck� is observable for
any k � 0

Assumption 2: At each time tk the reference rk is known over the
horizon I k � �k; k� N�, that is, given a fixed N 2 N, the sequence
frk�igNi�0 is available to the controller for all k 2 N.

B. Target Calculation

Because the reference trajectory is time varying, the first step in
solving the dynamic control allocation problem is to compute, over a
given finite horizon of length N 2 N, an input sequence and a
corresponding feasible state trajectory yielding as output the given
reference sequence frkg. In other words, as is the case for any

tracking problem, the computation of a feasible inverse of Eq. (7) is
required. Borrowing terminology from the literature on model-
predictive control [29,30], the target calculation problem is stated as
follows:

1. Target Calculation Problem

For any k � 1, given a sequence frk�igNi�0 
 Y and an initial state
xrk such that Ckx

r
k � rk, find a sequence fur

k�igN�1
i�0 
 U such that the

corresponding solution of

xrk�i�1 � Axrk�i � Bur
k�i yrk�i � Ck�ix

r
k�i (8)

yields yrk�i � rk�i for all i� 1; . . . ; N, and satisfies fxrk�igNi�1 
 X .
Once a solution of the target calculation problem is available, then

by means of the simple coordinate transformation ~xk � xk � xrk,
~uk � uk � ur

k, and ~yk � yk � rk, the tracking problem for the system
in Eq. (7) can be cast as the problem of stabilizing the equilibrium
~x� 0 of the error system

~x k�1 � A ~xk � B ~uk ~yk � Ck ~xk (9)

subject to the time-varying constraints

xmin � xrk 	 ~xk 	 xmax � xrk umin � ur
k 	 ~uk 	 umax � ur

k

To ensure that the origin is in the interior of the feasible set for all
feasible sequences fxrk; ur

kg, the constraints of the target calculation
problem are tightened by means of positive offsets, that is, the
original set of constraints are replaced by

xrk 2 X � fx: xmin ��xmin 	 x 	 xmax ��xmaxg
ur
k 2 U � fu: umin ��umin 	 u 	 umax ��umaxg

where the components of the vectors �umin; . . . ;�xmax are strictly
positive.

Several issues need to be addressed regarding the feasibility of
both the target calculation problem and the stabilization of the
constrained system in Eq. (9). As dim�uk�> dim�yk�, the required
feasible input/state reference trajectory, if it exists, may not be
uniquely defined. Moreover, the target calculation problem may not
have a solution fxrk; ur

kg that does not temporarily violate the given
constraints, even if the reference satisfies rk 2 Y for all k � 0. As a
matter of fact, when implemented in the flight control system, the
reference trajectory generated by the dynamic inversion module is
not even guaranteed to satisfy rk 2 Y for all k � 0, as the controller
may at times require unattainable control efforts. It is precisely the
role of the target calculation algorithm to compute a “steady-state
solution” of actuator dynamics that achieves a compromise between
fidelity of response and exact fulfillment of constraints. For these
reasons, it is convenient to cast the target calculation as an
optimization problem with mixed constraints, where the require-
ments that fxrkg 
 U and yrk � rk are relaxed by means of the
introduction of appropriate slack variables.

We begin by noticing that, due to the zero-order hold introduced
with the sampling of the continuous-time model, the system in
Eq. (7) has relative degree one, that is, the matrix CactB is
nonsingular. This, in turn, implies that thematrixCkB� G��k�CactB
has full rank for any k � 0. To find the state/input target sequence in
each moving interval I k � �k; k� N�, k � 0, we employ the
following recursive algorithm: let the vectors xrk 2 R2mN , ur

k 2 RmN ,
and yrk 2 R3N be defined, respectively, as

ω2
n

1
s

1
s

2ζωn

+

−

+

− 2δ̇M ζω n

demand limits servo rate limited
deflection

δ cmd δ

rate limits

δ M

Fig. 3 Constrained actuator dynamics.
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x r
k �

xrk�N
xrk�N�1

..

.

xrk�1

0
BBB@

1
CCCA; ur

k �
ur
k�N�1

ur
k�N�2
..
.

ur
k

0
BB@

1
CCA; yrk �

yrk�N
yrk�N�1

..

.

yrk�1

0
BBB@

1
CCCA

for all k � 0. Assuming that the initial state xrk, is known, the solution
of Eq. (8) satisfies an equation of the form

x r
k � Fxrk � Gur

k yrk �Hkx
r
k � Kku

r
k (10)

Because the matrix Kk can be easily shown to have full rank, the
target trajectory over the moving interval I k is computed solving the
underdetermined system of equations

K ku
r
k � rk subject to ur

k 2 U and Gur
k � Fxrk 2 X (11)

where rk 2 R3N is given by

r k �
rk�N

rk�N�1
..
.

rk

0
BBB@

1
CCCA �Hkx

r
k

and U 
 RmN and X 
 R2mN denote the corresponding polytopes
for ur

k and x
r
k, respectively. The state trajectory x

r
k, yielding the initial

state xrk for the moving interval I k�1 at the next step, is computed
using the first equation in Eq. (10). For the first interval I 0, the initial
state xr0 is not assigned, and it can be determined by the optimization
algorithm to help generate a feasible solution.

To overcome the problem associated with unfeasible solutions of
Eq. (11), it is convenient to relax some constraints by means of the
introduction of an appropriate number of slack variables. Assuming
that preference is given to satisfying the constraints on the
commanded input, the target optimization can be cast as a quadratic
optimization problem with mixed constraints [29,30], with cost
function

Jtark � rsTk Prr
s
k � xsTk Qrx

s
k � �ur

k � up
k �TRr�ur

k � up
k �

�wT
1 r

s
k �wT

2x
s
k (12)

where rs 2 R3N and xsk 2 R2mN are vectors of nonnegative slack
variables, Pr, Qr, and Rr are symmetric and positive definite
matrices of appropriate dimension, and w1 and w2 are vectors of
positive weights. The target calculation problem is solved by
minimizing Jtark , subject to

�rsk
�xsk
ur
k

�ur
k

Kku
r
k � rsk

�Kku
r
k � rsk

Gur
k � Fxrk � xsk

�Gur
k � Fxrk � xsk

0
BBBBBBBBBB@

1
CCCCCCCCCCA

	

0
0

�umax ��umax�1
��umin ��umin�1

rk
�rk

�ymax ��ymax�1
��ymin ��ymin�1

0
BBBBBBBBBB@

1
CCCCCCCCCCA

(13)

where 0 and 1 denote, respectively, vectors

0 � 0 0 � � � 0
� �

T; 1� 1 1 � � � 1
� �

T

of appropriate dimension. The vector up
k represents a preferred value

of the control reference that offers the possibility to optimize
additional performance criteria whenever there is sufficient control
authority to do so. A possible choice for up

k , apart from the obvious
up
k � 0, is given by the solution of the unconstrained weighted

minimum energy problem

u p
k �W�1KT

k �KkW
�1KT

k ��1rk

where W > 0 is a weighting matrix. Alternatively, the target
calculation problem can be posed as the linear programming (LP)
problem

min
ur;xs;rs

Jtark � wT
1 wT

2

� � rsk
xsk

� �
(14)

subject to Eq. (13), which corresponds to the constrained
minimization of the functional

min
ur

Jtark � jjwT
1 �Kku

r
k�1 � rk�jj1

In case Jtark > 0, the problem is not feasible, and the solution yields
the best approximation in terms of the 1-norm of the error that does
not violate the limits on the commanded input. If Jtark � 0, the
problem is feasible, and nonuniqueness of the solution can be
exploited to drive the commanded deflections ur

k toward up
k . In that

case, the subobjective function is chosen as the weighted 1-norm
problem

min
ur
k

Jpk � jjwT
3 �ur

k � up
k �jj1 subject to Kku

r
k � rk

ur
k 2 U and Gur

k � Fxr�k�1�N 2 X
(15)

wherew3 is a vector of positiveweights. The subobjective in Eq. (15)
can also be formulated as an LP problem with structure similar to
Eq. (14).

The solution of the target optimization provides reference states,
reference inputs, and reference output yrk � Ckx

r
k for the actuator

dynamics. The optimization guarantees that yrk remains close to the
actual reference rk (in the 1-norm or the 2-norm sense), when the
constraints are active. The reference trajectory �xrk; ur

k� is then
employed in the second stage of the dynamic control allocation
algorithm, where a control that asymptotically tracks yrk is computed
using a standard MPC algorithm.

C. Prediction of the Control Reference Trajectory

In order for the target calculationmodule to generate fxrk�igNi�1 and
fur

k�igN�1
i�0 , the reference sequence frk�igNi�0 must be available over

any moving horizon, that is, the sampled-data (in this section, to
avoid introducing additional cumbersome notation, we have denoted
by fs�tk�g the sequence obtained sampling a continuous-time signal
s�t� at times tk, k 2 N, where Ts � tk�1 � tk is the sampling period)
sequence fydes�ti�gmust be known in advance over �tk; tk�N � for any
k � 0. Note, however, that at time t� tk, the sequence
fydes�tk�i�gNi�1 is not available a priori, because ydes�t� is the output
of the 2-DOF controller in closed loop with the vehicle dynamics,
under the assumption that the actuator dynamics are negligible. As a
result, at any k � 0 a prediction fr̂k�ijkgNi�1 must be employed over
the receding horizon I k in place of the sequence frkgNi�1. To find the
desired prediction r̂k�ijk, we begin by recalling from Eq. (4) that

ydes�ti� � _!des�ti� � f�!�ti�; ��ti�� � "���ti��; i� k; . . . ; k� N

(16)

At the initial time tk of themoving horizonI k, the values of!�tk� and
��tk� are known, and thus ydes�tk� is available. As a result, it is
possible to set r̂kjk � rk. The commanded angular velocity vector
!cmd�t� is assumed to be available from the trajectory-planning
database of the flight control system for the entire duration of the
specific flight mode (i.e., ascent, reentry, terminal area energy
management, and so on). Starting with the knowledge of !cmd�tk�i�
over i 2 �0; N�, the prediction fr̂k�ijkgNi�1 is computed as follows:
first, ��tk� is kept constant over the prediction horizon, that is,
��tk�i� � ��tk�, i� 1; . . . ; N. This, in turn, determines the intercept
correction "k�i � "���tk��, i� 1; . . . ; N, in Eq. (16). A prediction of
the output _!des of the outer-loop controller is computed assuming that
the dynamic inversion algorithm achieves exact cancellation of the
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nonlinear term f�!; ��. In this case, !des � !, and thus the transfer
function between !cmd and _!des is given by sWm�s�. This yields a
prediction _̂!des of _!des as the output of the linear system

!̂�tk�i�1� � !̂�tk�i� �
1

Ts

Km�!cmd�tk�i� � !̂�tk�i��

_̂!des�tk�i� � Km�!cmd�tk�i� � !̂�tk�i��; i� 1; . . . ; N

!̂�tk� � !�tk�

where !̂�tk�i� is a prediction of !�tk�i�, and Ts � tk�1 � tk. Finally,
the contribution of the dynamic inversion module is computed
replacing ! with prediction obtained above, letting

f̂�!�tk�i�; ��tk�i�� � f�!̂�tk�i�; ��tk��; i� 1; . . . ; N

which is a valid approximation as long as the vehicle trajectory
remains close to the reference.

D. Model-Predictive Tracking

After the target input and state sequences have been computed, the
control allocation problem at time k is posed as a sequential model-
predictive tracking problem. Specifically, we consider the
minimization of the cost function

Jtrk �
XN�1

i�0

f�yk�ijk � yrk�i�TQ�yk�ijk � yrk�i� � �uk�i � ur
k�i�T

� R�uk�i � ur
k�i�g � �xk�Njk � xrk�N�T�k�N�xk�Njk � xrk�N�

where Q> 0, R > 0, and �i > 0 for all i � 0. The variable xk�ijk is
the predicted state of the system inEq. (7) at the step k, with xkjk � xk.
Defining the error variables

�x k�i � xk�ijk � xrk�i; �uk�i � uk�i � ur
k�i

the cost function is rewritten as

Jtrk �
XN�1

i�0

� �xTk�iQk�i �xk�i � �uT
k�iR �uk�i� � �xTk�N�k�N �xk�N (17)

where Qi � CT
i QCi, and the problem is cast as the minimization of

Jtrk , subject to

�x k�i�1 � A �xk�i � B �uk�i D �uk�i 	 dk�i; E �xk�i 	 ek�i

i� 0; � � � ; N � 1

(18)

where

D� I
�I

� �
; E� Ck

�Ck

� �
; dk�i � umax �ur

k�i

�umin�ur
k�i

� �

ek�i � ymax� yrk�i

�ymin � yrk�i

� �

The optimal control sequence u

k�ijk � �uk�i � ur

k�i yields the

implicit model-predictive control allocation policy �cmd�tk� � u

kjk.

The optimization problem given by Eqs. (17) and (18) may be
infeasible or difficult to solve due to the given constraints on the input
and output trajectories. The problem can be alleviated by relaxing the
hard constraint for the state, replacing Eq. (18) with the mixed
constraints

D �uk�i 	 dk�i E �xk�i 	 ek�i � "k; i� 0; . . . ; N � 1 (19)

where it is assumed that �uk � 0 and �xk � 0 is feasible. The cost
function of the optimization problem is augmented with a penalty on
the slack variable "k as

Jmixed
k � Jtrk � "Tk S"k (20)

where S > 0, and the mixed-constrained model-predictive control
allocation (MPCA) problem is posed as the minimization of Jmixed

k ,
subject to the constraints given by Eq. (19), and the first equality in
Eq. (18). Because the tracking problem is now posed as a model-
predictive control with soft constraints on the state, and � �x; �u� �
�0; 0� lies in the interior of the feasible set, asymptotic stability of the
actuator dynamics suffices to guarantee feasibility of the
optimization problem, and asymptotic convergence to the origin,
as shown in the works of Rawlings et al. [31,32]. In any case, a
careful selection of the weights of the objective function is
instrumental in improving the controller performance, and several
methods exist to enforce asymptotic convergence through an
appropriate selection of the terminal constraint (see the excellent
survey [33] and references therein). The main result of the section is
summarized as follows:

Proposition III.1: For the system given by Eq. (7), the solution of
the moving-horizon sequential optimization problems with cost
functions and constraints given by Eqs. (12), (13), (19), and (20),
respectively, yields a control sequence fukg such that uk 2 U for all
k � 0, and limk!1jjyk � yrkjj � 0.

E. Linear Complementarity Problem Formulation

In implementation, linear programming methods may present an
advantage over sequential quadratic optimization methods, in that
LP problems can be solved within a finite number of iterations [34].
Model-predictive control problems with mixed constraints can be
cast into linear complementarity problems (LCP) of the following
form [25,35]: Given a vector q 2 Rn and matrixM 2 Rn�n, find two
vectors s and z satisfying

s �Mz� q; s; z � 0; sTz� 0

To transform our specific MPCA problem to the LCP formulation,
we first express the predicted state error as a function of the initial
condition and the input error as follows:

�x k�ijk � Ai �xk �
Xi�1
j�0

B �uk�j

and collect the sequence f �uk�igN�1
i�0 into the vector uk. Accordingly,

the cost function in Eq. (17) can then be expressed as the quadratic
form

J�uk� � 1
2
uT
k Lkuk � bkuk � fk (21)

for some matrix Lk and some vectors bk and fk which depend on the
initial state error �xk. An equivalent set of constraints for uk is given in
the form

u k � 0; Rkuk 	 ck (22)

where Rk and ck are, respectively, an appropriate matrix and a
column vector related to the specific original constraints for �uk and
�xk. Let vk and wk be the vectors of Lagrange multipliers associated,
respectively, with the first and the second set of constraints in (22),
and let "k be the vector of slack variables. TheKarush–Kuhn–Tucker
(KKT) conditions [36] for Eqs. (21) and (22) read as follows:

Rkuk � "k � ck; �Lkuk �RT
k vk �wk � bk; uT

kwk � 0

vTk "k � 0; uk; vk;wk; "k � 0

The KKT conditions can be further expressed as the linear
complementarity problem

sk �Mkzk � qk; sTk zk � 0; sk; zk � 0

where
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Mk � 0 �Rk

RT
k Lk

� �
; qk � ck

bk

� �
; sk � "k

wk

� �

zk � vk
uk

� �

If the matrix Lk is sign definite, convergence to the optimal solution
in a finite number of iterations is guaranteed [36]. A carefully chosen
initial solution can greatly reduce computational requirements.
A standard choice is to let the solution of the unconstrained
MPCA problem, expressed in a quadratic programming form, be the
starting point. In this way, the initial point is close to the solution of
an LCP problem derived from a constrained model-predictive
control problem.

IV. Case Study

In this section, we present and discuss simulation results for a case
study regarding the reentry vehicle model considered in Doman and
Ngo [36] and Schierman et al. [27]. The specific vehicle model
considered here is equipped with six control surfaces: right flap, left
flap, right tail, left tail, body flap, and speed brake, with upper
deflection limit 30 deg, lower deflection limit �30 deg for the first
four control surfaces, and rate limit 60 deg =s for all control surfaces
under nominal conditions. The speed brake has an upper limit of
70 deg and a lower limit of 0 deg, and the body flap has an upper limit
of 25 deg and a lower limit of�20 deg. The length of the prediction
horizon has been selected as N � 10, with sampling time
Ts � 0:02 s. As a baseline for comparison, we also present results
obtained with the static control allocation method based on the
MOIC scheme of Doman et al. [15,17], briefly introduced in Sec. II.
The reentry vehicle model, the model-reference control architecture,
and the MPCA and MOIC control allocation schemes were
implemented in Simulink®, with a fixed-step 4th-order Runge–
Kutta integration algorithm. The feasible reference trajectory chosen
for the comparative study exhibits change in the pitch motion only,
and corresponds to an approach and landing maneuver. The segment
of command trajectory employed in the simulations has duration
equal to 50 sec, as shown in Fig. 4.

A. Comparative Simulation Studies Under Nominal Situations

Typical tests performed for evaluating the model-predictive
control allocation scheme include a wide variation on the dynamical
characteristics of the six actuators in terms of damping ratio and
natural frequency. Each actuator is assumed to behave as a second-
order system with amplitude and rate limits, and damping ratio
ranging from 0.5 to 0.7. Different natural frequencies, ranging from
20 to 5 rad=s have been independently assigned and tested for each
pair of tail and wing effectors, whereas a range from 10 and 5 rad=s
has been considered for the two body effectors. Table 1 displays
results from several tests in which the damping and natural
frequencies are varied for the tail effectors (right and left flaps), wing
effectors (right and left flaps), and the body effectors (flap and speed
brake). As performance metrics in comparing large numbers of tests,
we typically calculate the mean square error (MSE) and the
maximumerrorwith respect to the pitch rate reference trajectory over
the entire test interval. The sample results given in Table 1 indicate
that the error metrics for the model-predictive control allocation
scheme are approximately 1 order ofmagnitude smaller than those of
the MOIC scheme, depending on the test conditions. It is also worth
noting that as the natural frequency!n decreases, the performance of
MPCA varies little, whereas that of the MOIC scheme rapidly
degenerates.

To illustrate performance for a typical test, we first show in Fig. 5
the pitch rate tracking error and the deflection of the tail control
surfaces for a relatively benign situation, corresponding to test case 3
in Table 1. In this case, the tail effectors have sufficient authority to
control the pitch motion in the presence of relatively fast and well-
damped actuator dynamics, whereas the remaining control surfaces
show very little activity (not shown). It can be observed that the
MOIC schememaintains the capability of achieving good tracking of
the reference command, although, as expected, theMPCA algorithm
yields tighter tracking. The roll and yaw rate errors are negligible
with both MPCA and MOIC allocation, and thus their plot has been
omitted.

Simulation results for test case 5 are presented in Figs. 6 and 7,
showing, respectively, pitch and roll rate error and the deflection of
control surfaces. Recall that for the specific case 4 the natural
frequency of the tail, wing, and body effectors are 12, 8, and 5 rad=s,
respectively, whereas the damping ratio is �� 0:5. As seen in Fig. 6,
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Fig. 4 Body rate commands: pitch rate command (solid); roll/yaw rate command (dashed).

Table 1 Performance comparison betweenMPCA andMOIC in nominal conditions.W: wing effectors; T: tail effectors;B: body effectors; �: damping

ratio; !n: natural frequency

Test case no. � !n Max. error, pitch rate MSE, pitch rate

W T B MPCA MOIC MPCA MOIC

1 0.7 20 12 10 1:81e � 2 6:26e� 2 3:07e� 3 1:32e � 2
2 0.7 12 8 5 2:51e � 2 7:46e� 2 5:03e� 3 1:53e � 2
3 0.7 10 8 5 3:14e � 2 7:46e� 2 5:63e� 3 2:53e � 2
4 0.5 20 12 10 1:80e � 2 5:64e� 2 3:20e� 3 1:22e � 2
5 0.5 12 8 5 3:43e � 2 7:44e� 2 5:66e� 3 2:47e � 2
6 0.5 10 8 5 3:52e � 2 7:99e� 2 5:70e� 3 2:92e � 2
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the effect of the limited bandwidth of the tail and wing effector
dynamics, paired with a relatively small damping ratio, produces a
sizable tracking error for the pitch rate when the static control
allocation method is employed. The MPCA scheme, on the other
hand, produces a behavior of the tracking error comparable to the one
obtained in the previous case. The reference trajectory specifies zero
roll and yawmotions, but theMOIC scheme cannot track that request
for the entire duration of the test (the yaw rate error has a behavior
similar to the roll rate, and is therefore omitted). For this same test,
Fig. 7 shows the control effort, where distinctive differences in the
action of the two schemes is apparent (because the wing flaps and tail
effectors are symmetric, only the left actuators are shown.)

As a final test, we choose to present the rather stringent test
condition given by case 6 in Table 1, to give an example of severe
loss of performance that may occur in extreme situations. For this
case study, Fig. 8 shows that theMOIC-based control loop is pushed
to the verge of instability, while at the same time the tracking
capability of the MPCA-based scheme is confirmed. Figure 9 shows
the responses of control surfaces, where a significantly larger control
action than in the previous test is apparent. Note, in particular, that
whereas theMPCA allocates effectively the control effort among the
actuators, MOIC produces large excursions of the left and right flap
deflections related to the extremely high values of the roll rate error
visible in the bottom plot in Fig. 8.
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Fig. 5 Pitch rate error (upper plot) and tail control surface deflections (lower plots) for case 3 in Table 1. Thick line: MPCA; thin line: MOIC.
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Fig. 6 Pitch rate error (upper plot) and roll rate error (lower plots) for test case 5 in Table 1. Thick line: MPCA; thin line: MOIC.
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B. Comparative Simulation Studies Under Failure Situations

A similar set of damping ratios and natural frequencies as the
nominal conditions are used to illustrate and compare performance of
the two control allocationmethods under the occurrence of failures in
the presence of nonnegligible actuator dynamics. As representative
of a typical failure, we have considered here the case in which a
control surface remains locked at a given position, therefore
providing both a loss of control effectiveness and a possible
disturbance moment about all three body axes. It is assumed that the

occurrence of the failure is detected by the online system
identification algorithm, and the relative information passed to the
control allocation module, in such a way that real-time control
reconfiguration is possible. Table 2 illustrates comparative
performance indices for failure situations with similar configuration
as given in Table 1. Comparing the results between the two tables,
notice that failures at the wing effector have less effect on the relative
performance of the two algorithms, whereas failures at the tail
effectors produce a significant deterioration in performance for the
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Fig. 7 Control surface deflections for case 5 inTable 1: a) left wing effector; b) left tail effector; c) bodyflap; d) speed brake. Thick line:MPCA; thin line:

MOIC.
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MOIC scheme. Although this is clearly related to the particular
choice of the reference command, it must be noted that, underMOIC,
loss of tracking has been observed also for roll and yaw rate
commands, where the control objective is merely that of regulating
body rates to zero. This suggests that static allocation schemes may
lose their capability of performing stable control reconfiguration
when failures are accompanied with uncompensated actuator
dynamics. On the other hand, the MPCA scheme shows a consistent
behavior under different failure conditions and with different values
of natural frequencies and damping ratios.

Similar to the nominal situation, two tests, representative of a
typical and an extreme situation, respectively, are selected from the
table for comparative illustration. Specifically, we consider test
case 5 in Table 2, corresponding to a natural frequency of 20, 12, and
10 rad=s for the wing, tail, and body effectors, respectively. The
damping ratio is �� 0:7 for all effectors. The specific failure
condition corresponds to having the right wing effector locked at
0 deg, achieved in simulation by reducing the deflection limits of the
failed surface to the interval �0:05 deg. Because the reference
command specifies a constant zero set point for the roll rate, it is
expected that this type of failure can be handled by both schemes, at

least if the lag introduced by the actuator dynamics is not too severe.
This is confirmed by the plots in Fig. 10, showing the pitch and roll
rate error obtained underMPCA andMOIC. Note the similarity with
the results for the previous test case 5 under nominal conditions, but
with a significantly smaller damping ratio for the actuator dynamics.
For the sake of clarity, we show only the behavior of the control
surfaces for theMPCA scheme in Fig. 11. It can be noted that the left
wing effector maintains zero roll moment acting symmetrically with
respect to the failed actuator. This is, of course, a consequence of the
particular reference trajectory considered in the case study.
Arguably, a different behavior must be expected when more severe
damage occurs, such as the loss of a tail effector. As an example, test
case 4 in Table 2 is concernedwith the situation inwhich the right tail
effector is locked at �1:5 deg, whereas the configuration of the
actuator dynamics is the same as the nominal case study vi of Table 1.
This combination poses an extreme challenge to the control system,
which results in loss of closed-loop stability for the static control
allocation scheme. Figures 12 and 13 show, respectively, pitch and
roll error and control surface deflections for the MPCA scheme. An
acceptable tracking error is maintained throughout the entire
duration of the test, as the algorithm is capable of reconfiguring
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Fig. 9 Control surface deflections for case 6 in Table 1: a) left wing effector; b) right wing effector; c) left tail effector; d) right tail effector. Thick line:

MPCA; thin line: MOIC.

Table 2 Performance comparison betweenMPCA andMOIC in failure conditions.W: wing effectors; T: tail effectors; B: body effectors; �: damping

ratio; !n: natural frequency

Test case no. � !n Max error, pitch rate MSE, pitch rate

W T B MPC MOIC MPC MOIC

1 0.7 20a 12 10 2:09e� 2 6:26e� 2 3:8e � 3 1:32e � 2
2 0.7 12a 8 5 2:96e� 2 7:46e� 2 6:40e � 3 1:53e � 2
3 0.5 20a 12 10 2:10e� 2 5:64e� 2 3:90e � 3 1:22e � 2
4 0.5 12a 8 5 5:36e� 2 unstable 7:60e � 3 unstable

5 0.7 20 12a 10 2:31e� 2 6:72e� 2 5:5e � 3 1:58e � 2
6 0.7 12 8a 5 4:18e� 2 4:07e� 1 1:23e � 2 1:12e � 1
7 0.5 20 12a 10 2:27e� 2 6:16e� 1 5:4e � 3 1:80e � 1
8 0.5 12 8a 5 6:08e� 2 2.53 1:50e � 2 7:07e � 1

aA failed control surface.
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control authority of the vehicle. In comparison, erratic behavior of
control surfaces for the MOIC scheme is shown in Fig. 14, from
which it is evident that the closed-loop system has been driven
to instability.

V. Conclusions

A dynamic control allocation scheme for asymptotically stable
tracking of time-varying reference trajectories has been proposed to
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Fig. 10 Pitch rate error (upper plot) and roll rate error (lower plot) for test case 5 in Table 2. Failure occurring to the right wing flap, locked at

�0:05 deg. Thick line: MPCA; thin line: MOIC.
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Fig. 11 Control surface deflections for case 5 in Table 2. Failure occurring to the right wing flap, locked at�0:05 deg. MPCA scheme.
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account for actuator dynamics and constraints in the inner loop of a
reentry vehicle guidance and control system. A time-varying affine
internal model, based on a high-fidelity simulation of an
experimental reentry vehicle, has been used in a model-predictive
control design. The proposed scheme provides a generic approach to
distribute control authority among different types of actuators.
Extensive simulation studies indicate that the proposed approach
shows significant performance improvement over traditional static
control allocation algorithms in the presence of realistic actuator
dynamics. Other advantages of the dynamic control allocation
method proposed in this paper include the scheme’s ability to deal
with failure conditions. Such results render the proposed
methodology appealing for robust reconfigurable control with

multiple actuators possessing different timescale behaviors. As in all
control allocation schemes, issues relative to the computational
complexity of the algorithm remain to be addressed to render the
proposed methodology amenable to implementation in real-time
flight control systems. Whereas a thorough evaluation of the
computational cost is beyond the scope of this paper and a matter of
future investigation, it is argued that the suggested LP formulation of
the problem may be beneficial to achieving a sufficiently fast
implementation, as is the case for state-of-the-art LP-based static
control allocation algorithms [37]. Moreover, recent results on
explicit solvability of MPC problems that have already been applied
to control allocation problems [12] may prove instrumental to
achieving guaranteed convergence within a given sampling interval
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Fig. 12 Pitch rate error (upper plot) and roll rate error (lower plot) for test case 4 in Table 2. Failure occurring to the right tail effector, locked at

�1:5 deg. MPCA scheme.
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Fig. 13 Control surface deflections for case 4 in Table 2. Failure occurring to the right tail effector, locked at �1:5 deg. MPCA scheme.
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of algorithms developed within the framework proposed in
this paper.
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